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  The Inverse Free Electron (IFEL) and its applications are first briefly reviewed.  The concept of 
harmonic IFEL was proposed for electron beam micro -bunching.  A tightly micro-bunched 
electron beam could be used either as a laser accelerator injector or for femto -second X-ray 
generation by ultra-high harmonic radiation. For a planar undulator, the electron beam is strongly 
coupled to both the fundamental and odd harmonic if the undulator parameter is g reater than 1, K 
> 1.  The 1-D equation of motion for the IFEL was first extended to the third harmonic.  1-D 
simulations were performed for both fundamental only IFEL and harmonic IFEL.  Two 
configurations of harmonic IFEL were considered.  First, a single undulator with both 
fundamental and third harmonic IFEL presented simultaneously was studied.  Second, a 
configuration employing a fundamental IFEL followed by a third harmonic IFEL.  Better and 
efficient bunching was achieved for both harmonic IFEL comp ared to the fundamental IFEL 
only. 

1 Introduction 

 The concept of the IFEL was proposed by Palmer [1] shortly after the free-electron 
laser (FEL) was re-introduced by Madey in 1971 [2].   The basic physics of the 
IFEL is very much similar to the FEL interaction.  The undulator magnet 
introduces a small transverse velocity in the direction parallel to the electric vector 
of the electromagnetic wave. The interaction between the wave and electrons leads 
to an exchange of energy between the electron beam and wave .  In the IFEL, the 
energy exchange leads to a loss of energy from the electromagnetic wave while the 
electromagnetic wave gains energy in the FEL.  Extensive studies were carried out 
at Brookhaven National Laboratory [3,4] to explore the possibility of IFEL based 
electron accelerator.  IFEL acceleration of an electron beam was observed at the 
Brookhaven Accelerator Test Facility (ATF) using a 10.6µm CO2 laser [5].  
  The IFEL was also investigated as a UV or X-ray source with techniques such as 
laser seeded single-pass FEL [6] and high-gain harmonic radiation generation [7].  
In the high-gain harmonic generation (HGHG) FEL [6], the interaction of the 
electron beam through the IFEL effect with a seed laser in the first undulator 
(modulator) leads to energy modulation of the electron beam.  Energy modulation 
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is transformed into spatial modulation (bunching) in the second HGHG magnet 
(dispersion section), and a micro -bunched electron beam generates coherent 
radiation and amplification in the last section of the  HGHG undulator (radiator).  
More than seven orders of magnitude gain was reported at second harmonic of seed 
laser at the ATF HGHG experiment [6]. The main attractions of HGHG compared 
to the Self Amplified Spontaneous Emission (SASE) [8] are better longitudinal 
coherence and use of a shorter undulator and it suffers from the availability of seed 
laser.  In the scheme of high harmonic radiation, IFEL interaction of the electron 
beam with a high power laser (GW) leads to strong micro -bunching of the electron 
beam.  Large harmonic contents of micro -bunched electron beam could produce 
coherent radiation through the second undulator in high harmonic radiation [7].  
The IFEL effect was used to slice the femto-second electron beam out of pico-
second long electron bunches in the ALS storage ring using a femto -second high 
power laser [9,10].  The IFEL also plays an important role in a proposed optical 
stochastic cooling technique  [11]. 
  IFEL micro-bunching with harmonic contents of the IFEL were experimentally 
observed at the ATF [12].  Furthermore, IFEL micro-bunched electron beams were 
captured and accelerated in a staged laser acceleration experiment [13].  The IFEL 
as an injector for laser accelerators has many merits.  Since the IFEL interaction 
and bunching occur in vacuum, it only slightly degrades the quality of the electron 
beam.  The same laser can be used both as a buncher and as an accelerator of an 
electron beam.  The synchronization between electron micro -bunches and 
acceleration field is built in.  
  In both high harmonic generation and injection for laser accelerations, single 
stage IFEL bunching requires a high power laser, and efficiency is low.  In the 
traditional RF linacs, those problems were overcome by using multi -stage 
harmonic bunchers. We are proposing a similar technique that could also be used 
as an IFEL.  In a planar undulator with large undulator parameter, K>1, the 
electron motion in the undulator contains a fast longitudinal component, k ∆z ≈-
ξsin(2k0z), where ξ= K2/2(1+K2). This fast longitudinal motion leads to strong 
spontaneous emission at odd harmonics, n=1,3,5…  [14].  Similarly, the electron 
beam is also strongly coupled to odd harmonics in the IFEL interaction for planar 
undulators.  Odd harmonic buncher cavities were employed in RF linacs because 
they generate a square wave form, therefore the harmonic IFEL can also be 
explored to improve electron beam micro -bunching.  
    In the following section, the derivation of 1-D IFEL equations (pendulum 
equations) for the fundamental frequen cy is reviewed.  We then re-derive the 
equations of motion for two cases.  First, we consider a third harmonic laser seed 
in the IFEL, and in the second case, the IFEL laser is composed of fundamental 
and third harmonics.  In section III, we describe the simulations used to solve the 
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1-D IFEL equations of motion, then we discuss the energy-phase space and energy 
and phase distribution results from the simulations.  

2 1-D Harmonic IFEL Theory 

   Assuming an electron beam co -propagates with a laser along the undulator axis 
in the z direction, only longitudinal motion of the electrons will be considered. 
Following the basic formalism used in reference 3, the relativistic Hamiltonian is 
given by, 

 ( )[ ] Φ+=Φ++−= emcecmceH 22
1

4222 γAP  (1) 

where ApP e+=  is the canonical momentum with vp mγ=  being the kinetic 

momentum and A  the vector potential.   The scalar potential Φ  in the 
Hamiltonian is set to zero since space charge effects are not considered. The vector 
potential for a planar undulator is,  

 ( )zkA www sin2x̂A =  (2) 

where wwk λπ2=  with wλ  is  the undulator period.  The magnetic field is,  

 )cos(2ˆ zkk wwww yAB =×∇= . (3) 

For 1<<zx pp , the motion due to the undulator alone is given by Hamilton’s 
canonical momentum  

 ( )zkeA wwx sin2x̂p −=  (4a) 

 0=yp  (4b) 

 ( )[ ]






 −+−−= zkKKmc wz 2cos1

2
11ˆ 22

2γ
γxp  (4c) 

where K  is the undulator  parameter,  

  
mc

eB
K ww

π
λ

2
= . (5) 

 The longitudinal motion of the electron can be written a s, 
  zzz o ′+=  (6) 
where 

  





 +−= 2

2

2
11

γ
Kctzo  (7) 

and its time derivative is  
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  





 +−= 2

2

2
11

γ
Kc

dt
dzo . (8) 

The small oscillations, z′, are found by subtracting dtdzo  from dtdz , 

  ( )[ ]zzkcK
dt
zd

ow ′+=′
2cos

2 2

2

γ
. (9) 

Expanding z′ in powers of 21 γ , to the lowest order z′ is 

  ( )[ ]zzk
k
cKz ow

w

′+=′ 2sin
4 2

2

γ
. (10) 

  The vector potential including the laser field is now given as  

  ( ) ( )LLLww tzkAzkA φω +−+= sin2ˆsin2ˆ xxA . (11) 

Using Maxwell’s equations, t∂∂−= AE , gives us the electric field of the laser  

  ( )LLLL tzkE φω +−= cos2x̂E  (12) 

where LL AE ω≈ , LLk λπ2= , Lλ , ω  are the laser amplitude, wavelength, 

and  frequency.  Note that we use a constant vector potential and initial phase LA  

and Lφ  in the following equations.  
  The energy equation can be obtained from the time derivative of the Hamiltonian, 

tHdtdH ∂∂= , to give 

  Lxcm
e

dt
d Ep •= 22γ
γ

. (13) 

Substituting xp  and LE  into equation (13) we have 

  ( ) ( )LLw
L tzkzk

mc
eKE

dt
d φω

γ
γ +−−= cossin2 . (14) 

Eq. (14) can be rewritten as 

  ( ) ( )[ ]zk
mc

eKE
dt
d

wLL
L 2sinsin −+−+−= φψφψ

γ
γ

. (15) 

  Where ( ) tzkk wL ωψ −+=  is the electron phase.  For the longitudinal 
position described by Eqs. (6,7,8), the phase ψ  can be written, if the energy 
exchange is small for a single undulator period, as,  
  ψψψ ′+= o  (16) 
where 
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  



 +−= 2

2

2
1

γ
ψ Kkkct Lwo  (17) 

and 

  ( )ow
w

L zkK
k
k

2sin
4 2

2

γ
ψ =′  (18) 

are the mean phase and small phase oscillations.  The phase equation is then given 
by taking the time derivative of Eq. (17),  

  





−= 2

2

1
γ
γψ N

w
o ck

dt
d

 (19) 

where 
2

1 2
2 K

k
k

w

L
N

+=γ  is the resonance energy.                               

Substituting Eq. (16) into the energy equation, (15), we have 
 

( ) ( ){
( ) ( ) ( ) ( )}zkzk
mc

eKE
dt
d

wLowLo

LoLo
L

2sincos2cossin

sincoscossin

−′+−−′+−

′++′+−=

ψφψψφψ

ψφψψφψ
γ

γ
 (20) 

If γ and LE  change slowly (in our case LE  is constant), then we can average 

Eq.(20) with respect to the mean position, oz , over half a wiggler period,  

 

( ) ( )

( ) ( )

( ) ( )

( ) ( )




−+−

−+−

++





+−=

∫

∫

∫

∫

π

π

π

π

θ

θθθξφψ

θθθξφψ

θθξφψ

θθξφψ
πγ

γ

2

0

2

0

2

0

2

0

sinsincos

sincossin

sinsincos

sincossin
2
1

d

d

d

d
mc

eKE
dt
d

Lo

Lo

Lo

Lo
L

 (21) 

where 
2

2

4γ
ξ

w

L

k
Kk= , and ow zk2=θ , using the integral representation of the 

Bessel function given as, 
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  ( ) ( )∫ ΘΘ−Θ=
π

π

2

0

sincos
2
1 dmuuJ m  (22) 

where K,2,1,0=m .   Since sine functions average out to zero, we have 

 ( ) ( ) ( )[ ]ξξφψ
γ

γγ
θ

10sin JJ
mc

eKE
dt
d

dt
d

Lo
L −+−=→ . (23) 

Making the independent variable to be z , using the approximation, cdtdz ≈ , the 
1-D IFEL equation is, 

  ( ) ( ) ( )[ ]ξξφψ
γ

γ
102 sin JJ

mc
eKE

dz
d

Lo
L −+−=  (24a) 

  





−= 2

2

1
γ
γψ N

w
o k

dz
d

. (24b) 

  For a 3rd harmonic IFEL, the vector potential of the laser is 

  ( )[ ]33 sin2ˆ φω +−= tzknA LxA  (25) 

where 3=n  here.  The electric field is then  

  ( )[ ]33 3sin23̂ φω +−= tzkE LL xE  (26) 

where 33 AE ω≈ .  Following the same procedure used in obtaining Eq. (24), we 
have, 

  ( ) ( ) ( )[ ]ξξφψ
γ

γ
333sin

3
2132

3 JJ
mc
eKE

dz
d

o −+−=  (27a) 

  





−= 2

2

1
γ
γψ N

w
o k

dz
d

. (27b) 

   For an IFEL that uses a laser seed that includes up to the third harmonic gives 
equations of motion in 1-D as  

  
( ) ( ) ( )[ ]
( ) ( ) ( )[ ]






−+
+−+

−=
ξξφψ

ξξφψ
γ

γ
333sin3

sin

2133

1011
2 JJE

JJE
mc
eK

dz
d

o

o  (28a) 

  





−= 2

2

1
γ
γψ N

w
o k

dz
d

 (28b) 
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3 1-D Simulation for harmonic IFEL and Discussion 

  Table 1 lists the parameters used for our studies. The undulator parameter and 
beam energy are those used in the Stella experiment, so we used a Stella IFEL code 
to check our 1-D model for the fundamental laser seed only.  IFEL Equations 
(24,27,28) were solved using the Euler method of integration.  The equations were 
converted to dimensionless units by introducing a unit length oz , 

  
2mc

eE
z L

o =                                                    (29) 

where ( ) 21
rooL IE εµ=  and API Lr = , where rI  is the irradiance, LP  is 

laser power, and A  is the cross-section of the laser.  For the third harmonic only, 
33 LEE = .  For the third and fundamental harmonics, LE  is defined as 

  31 EEEL +=                                              (30) 

and 313 EE =  so that ( ) LEE 431 = .  The initial distribution of electrons is 
generated in such way that it is uniform in phase and Gaussian centered about the 
resonant energy (Fig.1).  For a fixed laser power, the drift distance after the 
undulator was varied (20 cm to 1 meter) to optimize the bunching.  

Table 1.   Parameters for harmonic IFEL simulation.  

 value description 

wλ  3.3 cm Undulator period 

Nγ  85.76  beam energy 

Lλ    10.6    Fundamental IFEL 
laser wavelength 

Lw 26.4 cm Undulator length 

K 1.93 Undulator parameters 

PL 150 MW Laser power 
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Figure 1.  Electron Beam Initial distribution, phase space (top), energy spectrum (middle), bunch 
distribution (bottom). 

 

Figure 2.  Electron Beam distributions after the fundamental IFEL (left) or third harmonic IFEL (right) 
using a single undulator.  Phase space (top), energy spectrum (middle), bunch distribution (bottom).  
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Figure 3.  Electron beam distribution for 1 st and 3rd harmonic IFEL (left).  1st harmonic IFEL preceding a 3 rd 
harmonic IFEL (right).  Phase space (top), energy spectrum (middle), bunch distribution (bottom).  

  Two configurations of the IFEL harmonic buncher were considered.  In the first 
configuration, only one undulator is employed.  In the second configuration, two 
undulators were employed.  For the first configuration, single frequency 
interactions are shown in figure 2 for the fundamental (left) and third harmonic 
(right) IFEL.  Also, in the first configuration, a combined frequency interaction of 
fundamental and third harmonics is shown in figure 3 (left).  For the second 
configuration, single frequency interactions are used for each stage of the two 
undulators.  Figure 3 (right) shows the beam distribution after using a fundamental 
IFEL for the first stage followed by a third harmonic IFEL for the second stage.  
The third harmonic laser power is about 10% of the total laser power for both 
configurations.  Comparing fig.2 and 3 we see that the combined harmonic IFEL 
and the staged IFEL improves the bunching by about one order of magnitude.  
   1-D simulations have shown significant improvement of electron beam micro -
bunching using a harmonic IFEL.  We are now planning a third harmonic IFEL 
experiment at the BNL ATF using a 1 µm photocathode RF gun driving laser.  The 
second stage of the experiment will demonstrate harmonic IFEL bunching using 
both 1 µm  and its third harmonic in a single stage harmonic IFEL.  We are also 
planning to inject a harmonic IFEL bunched electron beam into an IFEL 
accelerator to reduce the energy spread, then use the accelerated beam to study 
high gain ultra-high harmonic FEL.  
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